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Abstract - We will present two constructions of a low-complexity
near-optimal detection method of dc2-balanced codes. The methods
presented are improvements on Slepian’s algorithm for optimal
detection of permutation codes.

Introduction: Dc-balanced codes have been widely applied in
transmission and storage systems to counter, for example, the effects
of low-frequency cut-off [1] and low-frequency disturbances arising
from fingerprints on optical discs, such as Compact Disc etc. [2].
Dc2−balanced or second-order spectral zero codes exhibit the
property that both the power spectrum and its second derivative
are zero at zero frequency, resulting in significant suppression of
spectral components at low frequencies [3]. Implementation examples
of higher-order spectral codes have been presented by Roth et al. [4],
Skachek et al. [5], and Yang [6]. The efficient detection of such codes
have not been investigated.

Slepian [7] presented a simple method for maximum-likelihood
detection of dc-balanced codewords when they are corrupted with
additive Gaussian noise. Such a simple, but optimal, detection method
is not available for dc2-balanced codes. We will present two simple
sub-optimal, but close-to-optimal, detection methods for dc2-balanced
codes. We start with a description of the relevant prior art, followed by
a presentation of a close-to-optimal detection scheme.

Prior Art: We consider a codebook, S, of chosen binary codewords
x= (x1, x2, . . . , xn) over the binary alphabet Q= {0, 1}, where n,
the length of x, is a positive integer. We define the unbalance terms,
φ1(x) and φ2(x), of the codeword x by

φ1(x) =

n∑
i=1

xi −
n

2
(1)

and

φ2(x) =

n∑
i=1

ixi −
n(n+ 1)

4
. (2)

In [3], constrained codes were presented, where the codebook S

is chosen such that each codeword x∈ S satisfies two conditions,
namely

φ1(x) = 0 (3)

and
φ2(x) = 0. (4)

A codebook that satisfies condition (3) is called a balanced code,
while a code that satisfies both conditions (3) and (4) is called a
dc2−balanced code. Dc2-balanced codes have desirable practical
features. Firstly, the minimum Hamming distance of S is four [3].
Secondly, both the power spectrum and its second derivative are zero
at zero frequency, which is a prerequisite for some channels.

Let the number of codewords of length n that satisfy (3) and (4)
be denoted by Ndc2 (n). It has been found [3] that Ndc2 (n) = 0 if
n mod 4 ̸= 0. Prodinger [8] computed the number of dc2-balanced
codewords, Ndc2 (n), for asymptotically large vales of n, namely

Ndc2 (n)≃
4
√
3

π

2n

n2
, n mod 4= 0. (5)

The redundancy of dc2-balanced codes, denoted by rdc2 (n), is
approximated by

rdc2 (n) = n− log2 Ndc2 (n)≃ 2 log2 n− 1.141, n >> 1. (6)
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Fig. 1 Word error rate, WER, computed and simulated, as a
function of SNR = 1

σ
(dB) for n= 20. Curves (a) and (b) show the

results, where the sub-optimal detector, Strategy A and Strategy B,
are used, while curve (c) shows the result for the optimal detector
using (8).

Detection: We assume that the sent codeword, x∈ S, is received as
the n-vector r=x+ ν, ri ∈R, where the sent word is corrupted by
additive Gaussian noise ν = (ν1, . . . , νn), νi ∈R with distribution
N(0, σ2), where σ2 ∈R denotes the variance of the additive noise.
The well-known (squared) Euclidean distance between the received
signal vector r and the codeword x̂ is defined by

δ(r, x̂) =

n∑
i=1

(ri − x̂i)
2. (7)

A minimum Euclidean distance detector outputs the codeword

xo = argmin
x̂∈S

δ(r, x̂). (8)

The above exhaustive search for the ‘nearest’ codeword at minimum
distance to the received vector is expensive, especially for large
codeword sets since |S| grows exponentially with increasing n.
Slepian [7] showed that maximum likelihood detection of a
permutation code can be performed in a simple way without
exhaustively computing (7) for all codewords in S. Clearly, a balanced
code is a permutation code, where, as each codeword that satisfies
(3), is a permutation of a given binary word having n/2 ‘1’s and
‘0’s. We define the sorted values r(1), . . . , r(n) to be a permutation
of the received symbols r1, . . . , rn such that r(1) ≤ r(2) ≤ . . .≤
r(n). Following Slepian’s algorithm [7], the receiver sets the n/2
least-valued symbols, r(1) . . . r(n/2), to ‘0’ and the other symbols,
r(n/2+1) . . . r(n), to ‘1’. Slepian’s algorithm is attractive since the
complexity of sorting n symbols grows with n logn, which is far less
complex than the evaluation of (8).

A dc2-balanced code is not a permutation code so that Slepian’s
optimal method cannot be applied. Below we work out two sub-
optimal method, which are both based upon Slepian’s method.

Suboptimal detection of dc2-balanced codes

We sort the received symbols from their least to greatest values, and
in a ‘first guess’, in analogy with Slepian’s [7] algorithm, the receiver
sets the n/2 least symbols to ‘0’, and the other n/2 symbols to ‘1’.
Let the ‘first guess’ dc-balanced word so obtained be denoted by x̂ =
(x̂1, . . . , x̂n). Clearly, φ1(x̂) = 0. If φ2(x̂) = 0, the word is accepted,
and forwarded to the user. If, however, φ2(x̂) ̸= 0, the receiver may
choose between various strategies. We have worked out two strategies.
Strategy A: The simplest strategy is the swapping of the ‘1’ and the ‘0’
symbols of x̂ that were received with least reliability, that is swapping
r(n/2) and r(n/2+1) and their associated symbol values.
Strategy B: Let d=φ2(x̂)> 0. Then, for 1≤ i≤ n− d if x̂i = 0 and
x̂i+d = 1, we swap the symbols x̂i and x̂i+d. The word obtained after
the swap satisfies (4). If there are multiple swaps that satisfy (4), we
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weigh the swaps with their relative reliability of the received samples,
and accept the most reliable swap. If d < 0, we may write down a
similar algorithm, which is not presented here for reasons of space.
The strategy requires at most n comparisons.

Simulations: We performed various computer simulations for
assessing the performance of the sub-optimal detector strategies
described above. Figure 1 shows some typical results, where, for
n= 20, the word error rate (WER) is plotted versus the signal to
noise ratio, SNR = 1

σ
, for the optimal and sub-optimal detector. We

note that Strategy A, attractive as it is very simple to implement, is
far from optimal with a loss of around 2 dB. Strategy B performs
close to optimality with a loss of approximately 0.2 dB in the range
investigated.

Conclusions: We have presented two sub-optimal detectors for
dc2−balanced codes. The new detectors are based on Slepian’s
optimal detection method of permutation codes such as dc-balanced
codes. We assessed the error performance of the new detectors using
computer simulations.
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