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Abstract{ The construction of high-rate codes is far from obvious, as table
look-up for encoding and decoding is an engineering impracticality. The
usual approach is to supplement the p source bits with m = q ; p bits. Under
certain, usually simple, rules the source word is modi ed in such a way that
the modi ed word plus supplement bits comply with the constraints. The
information that certain modi cations have been made is carried by the
m supplement bits. The receiver, on reception of the word, will undo the
modi cations. In order to reduce complexity and error propagation, the
number of bits a ected by a modi cation should be as small as possible. We
will survey some examples of code constructions.
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1 Introduction
Codes for the noiseless recording channel, often called recording codes, on
which we will concentrate, convert the input stream to a signal suitable for
the speci c physical recorder requirements. The special attributes that the
recorded sequences should have to render it compatible with the physical
characteristics of the available transmission channel are called channel constraints. For example in optical recording, information is recorded in the
form of pits and the absence of pits, called lands. If 'ones' were be written as pits and 'zeros' as lands, then a long sequence of 'zeros' would mean
that, as no pits are written, the track would be absent for some time. This
may pose problems with the tracking during reading, and track loss could
be the result. This serious aw can be solved by forbidding such vexatious
sequences to be generated. In order to do so, a recording code is used which
transforms the source sequence into a sequence, where such long strings of
'zeros' cannot occur. This is an example of a runlength constraint, which
is speci ed in the time domain. Constraints can also be formulated in the
frequency domain. Frequency domain constraints are certain speci cations
of the power density function or spectrum of the generated sequence. Sequences with a spectral null at a given frequency are called spectral null
sequences. Sequences with a spectral null located at the zero frequency are
often referred to as dc-free or dc-balanced sequences.
In coding practice, the source sequence is partitioned into blocks of
length p, and under the code rules such blocks are mapped onto words
of q channel symbols. The rate of such an encoder is R = p=q  C . A
code may be state dependent, in which case the codeword used to represent
a given source block is a function of the channel or encoder state, or the
code may be state independent. State independence implies that codewords
can be freely concatenated without violating the sequence constraints. A
set of such codewords is called self-concatenable. When the encoder is state
dependent, it typically takes the form of a synchronous nite-state machine.
Concatenation of codewords can also be established by using merging bits
between constrained words [1]. Each source word has a unique q0 -bit channel
representation. We require one look-up table for translating source words
into constrained words of length q0 plus some logic circuitry for determining
the q ; q0 merging bits. Decoding is extremely simple: discard the merging
bits and translate the q0 -bit word into the p-bit source word.
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2 High-Rate Constrained Codes
The well-known ACH algorithm is in its niche when p and q are relatively
small. If, on the other hand, these numbers are large, the ACH algorithm
is less suited to a practical design. The largest dc-balanced codes or (0; k)constrained code designed with the principal state method are usually of rate
8/10 or 8/9 [2] [3] [4]. For certain applications it is desirable that the code
rate is much higher than 8/9. The construction of such high-rate codes is far
from obvious, as table look-up for encoding and decoding is an engineering
impracticality.
Immink [5] gave a constructive proof that (dk) codes with merging bits
can be made for which C ; R < 1=(2q). As a result, (dk) codes with a rate
only 0.1% less than Shannon's capacity can be constructed with codewords
of length q  500. The number of codewords grows exponentially with the
codeword length, and the key obstacle to practically approaching capacity is
the massive hardware required for the translation. The massiveness problem
can be solved by using a technique called enumeration [6], which makes it
possible to translate source words into codewords and vice versa by invoking an algorithmic procedure rather than performing the translation with
a look-up table. Single channel bit errors could corrupt the entire data in
the decoded word, and, of course, the longer the codeword the greater the
number of data symbols a ected. This diculty can be solved by a special
con guration of the error correcting code and the recording code [5]. The
usual approach is to supplement the p source bits with m = q ; p bits. Under certain, usually simple, rules the source word is modi ed in such a way
that the modi ed word plus supplement bits comply with the constraints.
The information that certain modi cations have been made is carried by
the m supplement bits. The receiver, on reception of the word, will undo
the modi cations. In order to reduce complexity and error propagation, the
number of bits a ected by a modi cation should be as small as possible.
Below we have given some examples to show how such constructions can be
executed.
A traditional example a simple dc-free code is called the polarity bit
code [7]. The p source symbols are supplemented by one bit called the
polarity bit. The encoder has the option to transmit the (p + 1)-bit word
without modi cation or to invert all (p +1) symbols. The choice of a speci c
translation is made in such a way that the running digital sum is as close to
zero as possible. It can easily be shown that the running digital sum takes
a nite number of values, so that the sequence generated is dc-balanced.
A surprisingly simple method for transforming an arbitrary word into a
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codeword having equal numbers of 'ones' and 'zeros', a zero-disparity word,
was published by Knuth [8] and Henry [9]. Let

d(w) =

p
X
i=1

wi

(1)

be the disparity of the binary source word w = (w1 ; : : : ; wp ), wi 2 f;1; 1g.
Let dk (w) be the running digital sum of the rst k, k  p, bits of w, or

dk (w) =

k
X
i=1

wi ;

(2)

and let w(k) be the word w with its rst k bits inverted. For example, if
w = (-1, 1, 1, 1, -1, 1, -1, 1, 1, -1), we have d(w) = 2 and w(4) = (1, -1, -1,
-1, -1, 1, -1, 1, 1, -1). If w is of even length p, and if we let k (w) stand for
d(w(k) ), then the quantity k (w) is

k (w) = ;

k
X

wi +

i=1
k
X

= ;2

i=1

p
X
i=k+1

wi

wi + d(w):

(3)

It is immediate that 0 (w) = d(w), (no symbols inverted) and p(w) =
;d(w) (all symbols inverted). We may therefore conclude that every word
w can be associated with at least one k, so that k (w) = 0, or w(k) is
balanced. The value of k is encoded in a (preferably) zero-disparity word
u of length m, m even. If m and p are both odd, we can use a similar
construction. The maximum codeword length of w is governed by


m :
m=2

(4)

Some other modi cations of the basic scheme are discussed in Knuth [8] and
Alon [10].

3

(0; k )

codes

We will now focus on procedures for translating arbitrary date into words
that have at most k 'zeros' between consecutive pairs of 'ones'.
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3.0.1 Codes by bit manipulation

We will now focus on simple k-constrained block codes that translates n ; 1
user bits into codewords of n, n  9, channel bits. The bit stream formed
by concatenating the codewords has the virtue that at most k = 1+ entier
(n=3), n  9, between logical 'ones' will occur. The construction is characterized by the fact that in order to build the codeword at most eight bits of
the (n ; 1)-tuple have to be altered, which has a bearing on the worst-case
error propagation.
De nitions
Let k(x) be the maximum runlength of 'zeroes' in the word x. Let l(x)
be the number of consecutive leading 'zeroes' of the word x, that is, the
number of 'zeroes' preceding the rst 'one'. And let r(x) be the number of
consecutive trailing 'zeroes' of the word x, that is, the number of 'zeroes'
succeeding the last 'one'.
Preliminaries
Let the (n ; 1)-tuple z = (z1 ; : : : ; zn;1 ) be the binary input word and let
p = (n ; 1)  2 + 1.
De ne the intermediate n-tuple x = (x1 ; : : : ; xn ) by xi = zi , 1  i  p ; 1,
xi+1 = zi, p  i  n, and set the pivot bit xp := 1. The left and right parts
of the vector x, xl and xr, are de ned by xli = zi , xri = zi+p , 1  i  n  2.
A more judicious allocation of the source bits is possible in a byte-oriented
system (see later). Set the pivot bit xp := 1.
MAIN ALGORITHM, k=1+entier(n/3)
Let r=entier(k/2);l = k ; r, and de ne the intermediate n-tuple
(y1 ; : : : ; yn ); where yi = xi , 1  i  n

y

=

If l(y )  l and r(y)  r and k(y )  k then transmit y as is.
If (l(y )  l and k(xl)  k) and (r(y) > r or k(xr) > k) then begin
yp;1 := 1; yp := 0; yp+1 := 0; yn;r := 1; yn;r+1 := xp;1 ; yn;r+2 := xp+1 ;
transmit y;end;
If (r(y )  l and k(xr)  k) and (l(y) > l or k(xl) > k) then begin
yp;1 := 0; yp := 0; yp+1 := 1; yl+1 := 1; yl;1 := xp+1; yl := xp;1;
transmit y;end;
If (l(y ) > l or k(xl) > k) and (r(y) > r or k(xr ) > k) then begin
yp;1 := 1; yp := 0; yp+1 := 1; yl+1 := 1; yn;r := 1; yl := xp;1; yn;r+1 :=
xp+1; transmit y;end;
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During decoding, the pivot symbol yp is observed. If yp = 1 then decoding
is straightforward. If, on the other hand, yp = 0 the bits yp;1 and yp+1
are used to uniquely re-constitute the original (n ; 1)-tuple. Note that in
total at most eight bits of the original (n ; 1)-tuple z are involved in the
scheme, namely y1 ; y2 ; y3 ; yp;1 , yp+1 ; yn;2 ; yn;1 , and yn. In order to avoid
error propagation in a byte-oriented system, these bits should be taken from
one input byte. Then any error propagation resulting from an error in the
pivot bit yp occurred during transmission is con ned to one decoded byte.
In the next subsection, the algorithm is worked out for a rate 16/17 code.

3.1 Description of the rate 16/17, (0,6) code

The code translates two bytes of user data into 17 channel bits. The 17-bit
codewords are characterized by the fact that they have at most six consecutive 'zeroes' and have at most three leading and at most three trailing
'zeroes'. Error propagation is limited as any single channel bit error made
during retrieval will result in at most one decoded byte error. Let z =
(z1 ; : : : ; z16 ) be the 16-bit input word. The 17-bit word y = (y1 ; : : : ; y17 ) is
obtained by shuing:
z1 z9 z10 z11 z2 z3 z4 z12 1 z13 z5 z6 z7 z14 z15 z16 z8

3.2 Encoding algorithm

De ne the Boolean variables (the '+' denotes the logical 'or'-function) L1 =
y1 + y2 + y3 + y4 , L2 = y2 +    + y8 and let R1 = y14 + y15 + y16 + y17,
R2 = y10 +    + y16 .
Transmission of a word is based on the following 4-step algorithm:
If L1L2R1R2 then transmit y as is.
If L1L2R1R2 then reshue and transmit:

z1 z9 z10 z11 z2 z3 z4 1 0 0 z5 z6 z7 1 z12 z13 z8
If L1L2R1R2 then reshue and transmit:
z1 z12 z13 1 z2 z3 z4 0 0 1 z5 z6 z7 z14 z15 z16 z8
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If L1L2R1R2 then reshue and transmit:

z1 z12 0 1 z2 z3 z4 1 0 1 z5 z6 z7 1 0 z13 z8
It can easily be seen that error propagation due to any single channel
bit error in the received codeword is restricted to at most one decoded byte
error.

3.2.1 Systematic approach
The construction and properties of the codes discussed in the previous section lead to an interesting question. Essentially, at most eight bits are altered
by the encoder; the remaining n ; 8 are transmitted unchanged. This property has both an e ect on the error propagation and the complexity of the
encoder/decoder.

3.2.2 Algorithmic approaches

The sequence replacement technique [11] converts source words of length p
into (0; k)-constrained words of length q = p + 1. The control bit is set
to 'one' and appended at the beginning of the p-bit source word. If this
(p + 1)-bit sequence satis es the prescribed constraint it is transmitted. If,
on the other hand, the constraint is violated, i.e. a runlength of at least
k + 1 'zeros' occur, we remove the trespassing k + 1 'zeros'. The position
where the start of the violation was found is encoded in k + 1 bits, which
are appended at the beginning of the p + 1-bit word. Such a modi cation is
signaled to the receiver by setting the control bit to 'zero'. The codeword
remains of length p + 1. The above procedure is repeated until all forbidden
subsequences have been removed. The receiver can reconstruct the source
word as the position information is stored at a prede ned position in the
codeword. In certain situations the entire source word has to be modi ed
which makes the procedure prone to error propagation. The class of rate
(q ; 1)=q (0; k)-constrained codes, k = 1 + bq=3)c, q  9, was constructed
to minimize error propagation [12]. Error propagation is con ned to one
decoded byte (8 bits) irrespective of the codeword length q.
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4 Multi mode codes
Recently, the publications by Fair et al. [13] and Immink & Patrovics [14] on
guided scrambling brought new insights into high-rate code design. Guided
scrambling is a member of a larger class of related coding schemes called
multi-mode codes. In multi-mode codes, the p-bit source word is mapped
into (m + p)-bit codewords. Each source word x can be represented by a
member of a selection set consisting of L = 2m codewords. Examples of
such mappings are the guided scrambling algorithm presented by Fair et
al. [13], the dc-free coset codes of Deng & Herro [15], and the scrambling
using a Reed-Solomon code by Kunisa et al. [16]. A mapping is considered
to be \good" if the selection set contains suciently distinct and random
codewords.
The encoder opts for transmitting that codeword that minimizes, according to a prescribed criterion, for example, the low-frequency spectral
contents of the encoded sequence. There are two key elements which need
to be chosen judiciously: (a) the mapping between the source words and
their corresponding selection sets, and (b) the criterion used to select the
"best" word. It should be appreciated that the usage of multi-mode codes
is not con ned to the generation of dc-free sequences. Provided that 2m is
large enough and the selection set contains suciently di erent codewords,
multi-mode codes can also be used to satisfy almost any channel constraint
with a suitably chosen selection method. For given rate and proper selection criteria, the spectral content of multi-mode codes is very close to that
of maxentropic (z )-constrained sequences. A clear disadvantage is that the
encoder needs to generate all 2m possible codewords, compute the criterion,
and make the decision.

4.1 Weakly Constrained Codes

In the context of high-rate multi-mode codes, there is a growing interest
in weakly constrained codes [17]. Weakly constrained codes do not work
strictly to the rules, as they produce sequences that violate the constraints
with probability P . It is argued that if the channel is not free of errors,
it is pointless to feed the channel with perfectly constrained sequences. To
illustrate the e ectiveness of this idea we worked two examples.
Each source word of length p, p >> 1, is supplemented by m bits, so that
the codeword length is q = p + m. The rate of the code is R = p=q. The
m supplement bits make it possible to generate a selection set of L = 2m
q-sequences. The particular method for generating the selection set is not
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discussed; we merely assume that the selection set comprises suciently
distinct and random words. Assume we have a channel constraint which
limits the channel capacity to C . Then the number of constrained codewords
can be approximated by [18]

N (q)  A2qC ;

(5)

where A is a constant independent of q. The probability that in L drawings from randomly generated sequences we will not nd a single sequence
obeying the given constraint is simply

p = (1 ; p0)L ;

(6)

where

p0 = N2(qq)  A2(C ;1)q :
As L = 2m and m = (1 ; R)q, we have


p = 1 ; A2(C ;1)q

2(1;R)q

(7)

:

(8)

If for simplicity it is assumed that A2(C ;1)q << 1, we have
ln(p) = ;A2(C ;R)q :

4.2

(0; k )

(9)

codes

The number of self-concatable (0; k) words, Nc (n), of length n, equals the
coecient an of the following generating function
X

xl+1)(1 ; xr+1 )
aixi = pq((xx)) = (1x(1;;x)(1
; 2x + xk+2)

(10)

The parameters l = dk=2e and r = k ; l denote the maximum number of
'zeros' with which the words start or end, respectively. For large codeword
length n the number of codewords can be approximated by

N (n)  An ;

(11)

where  is the largest real root of the characteristic equation

zk+2 ; 2z k+1 + 1 = 0
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(12)

and the constant A, which is independent of n, equals
=)
A = ; pq0(1
(1=) :

(13)

Note that the channel capacity C (0; k) satis es

C (0; k) = log2 :
The capacity C (0; k) equals log2 (), where  is the largest root of [19]

xk+2 ; 2xk+1 + 1 = 0:

(14)

For suciently large k, we derive
so that

  2(1 ; 2k1+2 );
C (0; k)  1 ; ln12 2;k;2 ; ; k  1:

(15)

ln(p) = ;2(C ;R)q :

(16)

Combining the above with (9) we nd

Figure 1 shows the probability, P , that no sequence taken from a selection set of size L of random sequences obeys the (0; k) constraint. Let the
code rate R = 99=100, the code word length q = 400, and the size of the
selection set L = 16. Then we observe that with probability P = 10;12
a codeword violates the k = 9 constraint. The alternative implementation
[12] requires a rate of R = 24=25 {four times the redundancy of the weakly
constrained code{ to strictly guarantee the same (0,9) constraint.
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Figure 1: Probability that no sequence of drawings from a selection set
L

of random sequences satis es the (0 ) constraint. Code rate = 0 99.
Upper curve: codeword length = 200, selection set size = 4; lower
curve: codeword length = 400, selection set size = 16.
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5 Conclusions
An overview has been given of high-rate constrained codes for the noiseless
recording channel. A new type of codes, called weakly constrained code,
has been introduced. This code violates with (small) probability P the
prescribed channel constraints.
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