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Minimum Pearson Distance Detection for
Multi-Level Channels with Gain and/or Offset
Mismatch
Kees A. Schouhamer Immink, Fellow, IEEE, and Jos H. Weber, Senior Member, IEEE

Abstract - The performance of certain transmission
and storage channels, such as optical data storage and
Non-Volatile Memory (Flash), is seriously hampered by the
phenomena of unknown offset (drift) or gain. We will show
that Minimum Pearson Distance (MPD) detection, unlike
conventional Minimum Euclidean Distance detection, is
immune to offset and/or gain mismatch. MPD detection
is used in conjunction with T -constrained codes that
consist of q-ary codewords, where in each codeword T
reference symbols appear at least once. We will analyze
the redundancy of the new q-ary coding technique, and
compute the error performance of MPD detection in the
presence of additive noise. Implementation issues of MPD
detection will be discussed, and results of simulations will
be given.
Key words: Constant composition code, permutation
code, rank modulation, flash memory, digital optical data
storage, recording, Non-Volatile Memory, NVM, mismatch,
adaptive equalisation, fading, Pearson distance, Euclidean
distance, fading.

I. I NTRODUCTION
We consider a communication codebook, S, of chosen qary codewords x = (x1 , x2 , . . . , xn ) over the q-ary alphabet
Q = {0, 1, . . . , q − 1}, q ≥ 2, where n, the length of x,
is a positive integer. Usually it is assumed that the primary
impairment of a sent codeword x is additive Gaussian noise,
but here, however, it is assumed that the received word r =
a(x + ν) + b, ri ∈ R, is scaled by an unknown factor, called
gain, a ̸= 1, a > 0, offsetted by an unknown (dc-)offset
b ̸= 0 (both quantities unknown to both sender and receiver),
where a and b ∈ R, and corrupted by additive noise ν =
(ν1 , . . . , νn ), νi ∈ R. We use the shorthand notation x +
b = (x1 + b, x2 + b, . . . , xn + b). The unknown channel
gain and offset mismatch may lead to a devastating loss in
performance, as shown, for example, in [1].
There are many examples of channels with offset and
gain mismatch. In optical data storage, both the gain and
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offset depend on the reflective index of the disc surface and
the dimensions of the written features [2]. Fingerprints on
optical discs may result in rapid gain and offset variations
of the retrieved signal. In baseband transmission channels,
offset may arise as baseline wander, which is caused by
the attenuation of the low frequencies of the channel (a.c.
coupling) [3]. In wireless communication channels, path loss
will result in unknown gain, fading, of the channel. Reading
errors in solid-state (Flash) memories may originate from
cell drift in aging devices [4].
In optical disc data storage devices and non-volatile
memories, constrained codes, specifically dc-free or balanced codes, have been used and/or proposed to counter
the effects of offset and gain mismatch [1]. Jiang et al. [4]
addressed a q-ary balanced coding technique, called rank
modulation, for circumventing the difficulties with flash
memories having aging offset levels. Zhou et al. [5], Sala et
al. [6], and Immink [7] investigated the usage of balanced
codes for enabling ‘dynamic’ reading thresholds in nonvolatile memories.
Codewords taken from a q-ary balanced code can be
retrieved by a minimum Euclidean distance detector, where
the detection process of q-ary balanced codewords is intrinsically resistant to any offset and/or gain mismatch.
Unfortunately, the redundancy price of q-ary balanced codes
is unattractively high for small values of n [8].
We propose the Pearson distance as an alternative to the
Euclidean distance, since it is, as will be shown, intrinsically
resistant to offset and gain mismatch. It will be shown
that the Pearson distance measure can only be applied to
codebooks with special properties, and constrained coding
is therefore required. To that end, we propose q-ary T constrained codes, where T , 0 < T ≤ q, preferred
or reference symbols must appear at least once in every
codeword [7]. The redundancy of T -constrained codes is
much lower than that of prior art q-ary balanced codes,
which makes Minimum Pearson Distance detection in conjunction with T -constrained codes an attractive alternative
for practical applications.
We start in Section II with a discussion of the prior
art Minimum Euclidean Distance (MED) detection of qary balanced codewords. In Section III, we will describe
Minimum Pearson Distance (MPD) detection in conjunction
with T -constrained codewords, and we will show that the
detection performance is independent of gain and offset.
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Conventional minimum Euclidean distance detection offers
optimum (maximum likelihood) error performance for the
‘ideal’ noisy channel, so Minimum Pearson Distance detection in the presence of additive noise will, by necessity, show
a somewhat lessened noise immunity. In Section IV, we
will analyze the error performance of MPD detection in the
presence of additive Gaussian noise. Implementation issues
of MPD detection are discussed in Section V. In Section VI,
we will describe our conclusions.

−3

10

no mismatch

−4

10

II. P RIOR A RT
Before we take a look at the characteristics of the
proposed technology, we will discuss prior-art detection
schemes that are based on the classical Euclidean distance
metric. The codeword x ∈ S is sent and received as
r = x + ν, where ν is additive Gaussian noise ν =
(ν1 , . . . , νn ). For each codeword x̂ in the codebook S the
receiver computes the (squared) Euclidean distance
δ ′ (r, x̂) =

n
∑
(ri − x̂i )2

between the received signal vector r and the codeword
x̂. After exhaustively computing all distances, the receiver
decides that the codeword, xo , with minimum Euclidean
distance to the received vector, r, is the codeword sent, or
in succinct form

δ ′ (r, x̂) =
or
δ ′ (r, x̂)

n
∑

i=1

i=1

(ri − x̂i )2 =
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Fig. 1. Word error rate (WER) for q = 4, n = 8 a) without channel

mismatch, b) with channel mismatch a = 1.07 and b = 0.07, both
using minimum Euclidean distance detection, and as a comparison
c) for a new detection scheme that is immune to channel mismatch
using minimum Pearson distance detection (see Section III).

balanced codes in conjunction with minimum Euclidean distance detection offer intrinsic resistance to gain and/or offset
mismatch. By definition, all codewords x in a balanced code
have the property that the symbol sum
n
∑

xi = a1

i=1

(2)

For a mismatch channel, we simply find
n
∑

15

(1)

i=1

xo = arg min δ ′ (r, x̂).
x̂∈S

−5

10

(ax′i + b − x̂i )2

∑
−2a
x′i x̂i
∑
∑
∑
+
(ax′i + b)2 − 2b
x̂i +
x̂2i , (3)

=

where x′ = x + ν. Mismatch may lead to a warping of
the Euclidean distance measure, which will lead to a loss in
noise margin or even to a complete loss of the codeword.
Figure 1 shows results of computations and simulations of
the word error rate (WER) of a communication system using minimum Euclidean distance detection with parameters
q = 4 and n = 8 a) without mismatch, and b) with a
gain, a = 1.07, and offset, b = 0.07, mismatch. We may
notice that the error performance is seriously affected by the
mismatch. The third curve shows the error performance of
a new detection scheme proposed in Section III that offers
intrinsic resistance to gain and/or offset mismatch at the cost
of a reduced noise margin.
In the prior art, coding techniques and alternative detection methods have been sought to offer solace to the
aforementioned loss of performance caused by channel
mismatch. For example, it has been known in the art [8] that

and symbol energy
n
∑

x2i = a2 ,

i=1

are prescribed, where a1 and a2 are two positive integers
selected by the code designer. Then, we simply find
∑
∑
(ax′i + b)2 − 2ba1 + a2 . (4)
δ ′ (r, x̂) = −2a
x′i x̂i +
∑
The metric consists of one (first) term, −2a x′i x̂i , dependent of x̂ and three terms independent of x̂. Clearly, it does
not matter for the outcome of the detection process (2) or
detection performance if we scale (by a positive constant) or
translate the metric function with a constant independent of
the variable x̂. A scaled or translated version of the metric
is equivalent to the original version of the metric. Metric
equivalence will be denoted by the ≡ sign. From (4), it
is clear that in case all codewords satisfy the symbol sum
and energy constraints that (1) can be rewritten as (note we
presumed a > 0)
δ ′ (r, x̂) ≡ −

n
∑

x′i x̂i .

(5)

i=1

Thus Euclidean distance detection of balanced codes is
intrinsically resistant to channel mismatch as (5) is independent of the actual channel gain and offset. The sole
disadvantage of the method, which makes it unattractive for
practice, is the high redundancy of balanced codes [8].
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In the next section, we will introduce the Minimum
Pearson Distance detector, and we will show that it is an
attractive alternative to the Euclidean distance for the signal
detection in the presence of both channel mismatch and
additive noise as it also offers intrinsic resistance to channel
mismatch.
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III. M INIMUM P EARSON D ISTANCE DETECTION OF
T - CONSTRAINED CODES
We will show that the Minimum Pearson Distance detector can only operate unambiguously in case the codebook,
S, used satisfies specific constraints, and thus constrained
codes are required. To that end, we will introduce a
class of codes, called T -constrained codes, that satisfy
the requirements of unambiguous detection using the new
Pearson-distance-based detector [7]. First we will start with
a presentation of the Minimum Pearson Distance detection
method. Thereafter, we will discuss the various requirements
to be imposed on the constrained code.
A. Minimum Pearson distance detection
It is assumed that an arbitrary codeword x ∈ S is sent,
and that the received word, r, is given by r = a(x + ν) + b.
The Pearson distance, δ2 (r, x̂), between r and x̂ is defined
by
δ2 (r, x̂) = 1 − ρr ,x̂ ,
(6)
∑n

where

− r)(x̂i − x̂)
(7)
σr σx̂
is the well-known (Pearson) correlation coefficient, and
where we define two quantities, namely the average symbol
value of x̂
n
1∑
x̂ =
x̂i ,
(8)
n i=1
ρr ,x̂ =

i=1 (ri

and the (unnormalized) symbol value variance of x̂
σx̂2

n
∑
=
(x̂i − x̂)2 ,

(9)

i=1

where it is assumed that both codewords x and x̂ are taken
from a judiciously chosen codebook S, whose properties
will be explained in the next subsection. The variance, σr2 ,
and average, r, of the received vector are defined in the same
way. The term 1−ρr ,x̂ is often named the Pearson distance
between the vectors r and x̂. As the Pearson correlation
coefficient falls in the interval [-1, 1], the Pearson distance
lies in the interval [0, 2].
The detector operates in the same vein as the conventional
Euclidean distance detector: the detector computes for all
codewords x̂ ∈ S the Pearson distance between r and x̂.
The receiver decides that the codeword, xo , with minimum
Pearson distance to the received vector, r, is the codeword
sent, or in succinct form
xo = arg min δ2 (r, x̂).
x̂∈S

(10)
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Fig. 2. Scatter diagram of Euclidean distance, δ ′ (x, x̂), (1) versus
Pearson distance, δ2 (x, x̂), (13) for n = 6 and q = 3.

A key property of the Pearson distance, 1 − ρr ,x̂ , is that it
is invariant to changes in translation or scale (up to a sign)
in the two vectors r and x̂. That is,
ρr ,x̂ = ρc1 +c2 r ,x̂ ,

(11)

where c1 and c2 > 0 are constants. Clearly, the above
property ensures that the detection outcome based on the
Pearson distance (10) is intrinsically resistant to offset and
gain mismatch.
After some manipulation of (6), we may write down two
equivalents of the Pearson distance measure, namely

and

n
1 ∑
δ2 (r, x̂) ≡ −
ri (x̂i − x̂)
σx̂ i=1

(12)

)2
n (
∑
x̂i − x̂
δ2 (r, x̂) ≡
ri −
.
σx̂
i=1

(13)

The equivalence of (12) with (6) is straightforward. Eq. (13)
can be rewritten as
)2
n
n
n (
∑
∑
2 ∑
x̂i − x̂
2
ri −
ri (x̂i − x̂) +
.
σx̂ i=1
σx̂
i=1
i=1
Using (9) and after deleting the first and third term, we
arrive at the equivalence of (12) with (13), and thus of the
equivalence of (13) with (6). Eq. (13) shows an interesting
relationship with respect to the conventional Euclidean
distance (1), where the vector x̂ is translated by x̂ and scaled
by σx̂ .
In Figure 2, we have plotted an illustrative scatter diagram
of the Euclidean distance δ ′ (x, x̂), (1), versus the Pearson
distance δ2 (x, x̂), (13), for n = 6 and q = 3 for almost (see
later) all possible vectors x and x̂. We notice quite some
difference between the alternative distance measures. The
Pearson distance measure is highly attractive for mismatch
channels, but we must clear a few hurdles before we
can fruitfully apply it in practice. It is immediate, see
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(7), that the Pearson distance is undefined for codewords
x with σx = 0. In addition, as mentioned above, we
have ρr ,x̂ = ρc1 +c2 r ,x̂ , so that a Pearson-distance-based
detector cannot distinguish between the sent codewords x
and c1 + c2 x. We remedy this flaw by using constrained
codes: in case x ∈ S, all words c1 + c2 x, where c1 is any
real number and c2 is any positive real number, are excluded
from S. In addition, the q words x = (a, . . . , a), a ∈ Q,
with σx = 0 must be barred from S. T -constrained codes,
to be discussed below, satisfy all these requirements.
B. Description of T-constrained codes
T -constrained codes, presented in [7] for enabling simple
dynamic threshold detection of q-ary codewords, consist
of q-ary n-length codewords, where T , 0 < T ≤ q,
preferred or reference symbols must appear at least once in
a codeword. A set of T -constrained codewords is denoted
by ST . Of specific interest in this paper are two sets of T constrained codes denoted by S1 and S2 . The set S1 has
codewords where the symbol ‘0’ appears at least once, and
the set S2 contains codewords where both the symbols ‘0’
and ‘q − 1’ appear at least once. The size of |S1 | and |S2 |,
respectively, equal [7]
|S1 | = q n − (q − 1)n , q > 1.

(14)

|S2 | = q n − 2(q − 1)n + (q − 2)n , q > 1.

(15)

and
For the binary case, q = 2, we simply find that
|S1 | = 2n − 1
(the all-‘1’ word is deleted), and
|S2 | = 2n − 2
(both the all-‘1’ and all-‘0’ words are deleted).
Very efficient implementations of high-rate T -constrained
codes can be constructed with the nibble replacement
method described in [9]. The code is based on an algorithm
that recursively removes w > 0 disallowed n-symbol q-ary
words in a string of L n-symbol codewords while only one
q-ary redundant symbol is added. The code rate of the nibble
replacement equals 1 − 1/(nL), where
⌊
⌋
(q − 1)q n−1
L≤
.
(16)
w
A conventional n-symbol block code can be constructed
with a rate 1 − 1/n, while the nibble replacement code
makes it possible to construct a code with rate 1 − 1/(nL).
For example, for a binary T = 1 code, n = 10, w = 1,
the code rate is (at most) 5119/5120, while for a T = 2
code with the same parameters, w = 2, the code rate is (at
most) 2559/2560. The rate of a conventional code would
be 9/10, that is almost 10% more redundant.
The T -constraints imposed imply the following properties
of the codewords.

Property A: If x ∈ S1 then x + c ∈
/ S1 for all non-zero
c ∈ R.
Proof: By definition, x has at least one position, say k,
where xk = 0. Hence if c < 0, then xk + c < 0, and thus
x+c ∈
/ S1 . If c > 0, then xi + c > 0 for all i, and thus
x+c∈
/ S1 since x + c does not contain the symbol ‘0’.
Property B: If x ∈ S2 then c1 + c2 x ∈
/ S2 for all c1 , c2 ∈ R
with (c1 , c2 ) ̸= (0, 1) and c2 > 0.
Proof: Suppose c1 + c2 x ∈ S2 . Since c2 > 0 and xi ≥ 0
for all i, it follows that c1 ≤ 0 in order to have at least one
‘0’ in c1 + c2 x. Since c1 < 0 would result in at least one
negative value in c1 + c2 x (in a position where x has a ‘0’),
it follows that c1 = 0 and thus c2 ̸= 1. If 0 < c2 < 1, then
all symbols in c1 + c2 x = c2 x are smaller then q − 1, while
if c2 > 1, then at least one value in c1 + c2 x is larger than
q − 1 (in a position where x has a ‘q − 1’). In conclusion,
c1 + c2 x ̸∈ S2 .
Property C: x = c ∈
/ S2 for all c ∈ R.
Proof: All codewords x ∈ S2 have at least one symbol equal
to 0 and at least one symbol equal to q − 1. Since q > 1,
we conclude that x = c ∈
/ S2 .
The above properties of the codebook S2 are sufficient to
solve the flaws of the Pearson distance measure discussed
in the previous section. Firstly, property C guarantees that
(6) cannot be singular since σx ̸= 0, x ∈ S2 . Secondly,
according to Property B we have for x and x̂ ∈ S2 ,
x̂ ̸= c1 + c2 x. Then in the noiseless case, ν = 0, the
detector operates without errors since for any sent x, the
detector metric (6) is at a global minimum for x̂ = x
since according to a well-known property of the Pearson
correlation coefficient ρx,x̂ = 1 only for x̂ = c1 + c2 x so
that δ2 (x, x) = 0 and δ2 (x, x̂) > 0, x̂ ̸= x.
C. Offset-mismatch channels
Evidently, Minimum Pearson Distance detection presented above can be used for channels with offset mismatch
only (a = 1). However, by a slight modification of the
Pearson distance measure we may reduce the redundancy
of the constrained code, and improve the resistance against
additive noise. We propose the distance measure
n
∑
δ1 (r, x̂) =
(ri − x̂i + x̂)2 ,

(17)

i=1

where, as we may notice, we have deleted σx̂ , in (13).
The advantage of the modified distance measure for offsetmismatch channels is that codewords can be drawn from S1
instead of S2 , which reduces the code redundancy.
We first show that δ1 (r, x̂) is, as claimed, independent
of the channel’s offset b, and thereafter we show that in
the noiseless case ν = 0, δ1 (x, x̂) has a unique minimum
at x̂ = x ∈ S1 . Subsequently, we will show that for
application of (17) it is sufficient to draw codewords from
S1 .

5

We have ri = xi + νi , so that
n
∑
δ1 (r, x̂) =
(xi + νi − x̂i + x̂)2 .

We find
δ1 (r, x̂) =

n
∑
(x′i + b − x̂i + x̂)2
i=1

i=1

n
n
∑
∑
The analysis is simplified by noticing that
=
(x′i − x̂i + x̂)2 + 2b
(x′i − x̂i + x̂) + b2 ,
n
∑
i=1
i=1
δ
(r,
x̂)
≡
(xi + νi − x̂i + x̂ − x)2 .
1
where x′i = xi + νi . By definition (8), we have
i=1
n
∑

(x′i − x̂i + x̂) =

i=1

so that
δ1 (r, x̂) ≡

n
∑

Define e = x − x̂ and e = x − x̂, then we obtain the much
simpler expression

x′i ,

i=1
n
∑

(x′i − x̂i + x̂)2 .

δ1 (r, x̂) ≡
(18)

i=1

From the above it is immediate that the minimization of
δ1 (r, x̂) is intrinsically resistant to the channel offset b.
In the noiseless case, ν = 0, the detector must operate
error-free, so that for any x the detector metric δ1 (x, x̂)
must have a unique minimum at x̂ = x, that is, δ1 (x, x) <
δ1 (x, x̂) for x ̸= x̂, and x, x̂ ∈ S1 . From (17), we conclude
that δ1 (x, x̂) = δ1 (x, x) is true if for all i
xi = x̂i − x̂ = x̂i + c,

n
∑
(ei − e + νi )2 .
i=1

The detector errs, i.e. xo ̸= x, if there is at least one
codeword x̂ ∈ S1 , x̂ ̸= x, such that
δ1 (r, x̂) < δ1 (r, x),
or

i=1

or

(19)

where c is any real number. However, Property A guarantees
that the above is false for codewords in S1 , and thus
δ1 (x, x) < δ1 (x, x̂), x ̸= x̂. Properties B and C are not
required, so that it is sufficient that we draw the codewords
from S1 , which, clearly, has a positive bearing on the
redundancy of the system.
In the next section, we will compute the error performance of the MPD detection method in the presence of
additive noise.
IV. P ERFORMANCE A NALYSIS
We will now focus on the detection of codewords conveyed over channels with gain and/or offset mismatch,
where we assume that a randomly chosen codeword x ∈ ST
is sent and received as r = x + ν, where ν = (ν1 , . . . , νn ),
and νi are noise samples with distribution N (0, σ 2 ). Note
that we dropped the scalars a and b since, as established
above, the MPD detector performance is independent of
those parameters.
We will start by computing the detection error performance for the simplest, ‘offset only’, case, T = 1, using
(17) and codewords taken from codebook S1 .
A. T = 1, offset mismatch
We assume x ∈ S1 is sent, and that the receiver applies
(17) to compute the distance between the received vector
r = x + ν for all codewords in S1 . The receiver decides
that the codeword xo was sent if (17) attains its least value
for x̂ = xo , that is
n
∑
xo = arg min δ1 (r, x̂) = arg min
(ri − x̂i + x̂)2 . (20)
x̂∈S1
x̂∈S1 i=1

n
n
∑
∑
(ei − e + νi )2 <
νi2

2

n
∑

(21)

i=1

νi (ei − e) +

i=1

n
∑
(ei − e)2 < 0.

(22)

i=1

The left-hand side of (22) is a stochastic variable with
distribution N (α1 , β1 σ 2 ), where
n
∑
α1 =
(ei − e)2
i=1

and
β1 = 4

n
∑
(ei − e)2 .
i=1

We define the square of the distance between the vectors x
and x̂ by
∑
4α12
=
(ei − e)2 .
=
β1
i=1
n

d21 (x, x̂)

The probability that δ1 (r, x̂) < δ1 (r, x) equals
(
)
d1 (x, x̂)
Q
,
2σ
where the Q-function is defined by
∫ ∞
u2
1
e− 2 du.
Q(x) = √
2π x
The word error rate (WER) over all coded sequences x is
now upperbounded by
)
(
d1 (x, x̂)
1 ∑ ∑
.
(23)
Q
WER <
|S1 |
2σ
x∈S1 x̸̂=x
Define the square of the minimum distance between any
possible pair of codewords in S1 by
n
∑
d2min,1 = min d21 (x, x̂) = min
(ei − e)2 .
e̸=0
x,x̂∈S1
i=1
x̸=x̂

(24)
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Then, for asymptotically large signal-to-noise-ratio’s, i.e. for
σ << 1, the word error rate is overbounded by [10]

−1

10

WER

dmin,1
),
(25)
2σ
where N1 is the average number of pairs of codewords
(neighbors) at minimum distance, dmin,1 . The minimum
distance, dmin,1 , is called (asymptotic) coding loss. We
simply find
√
1
(26)
dmin,1 = 1 − .
n
WER < N1 Q(

The computation of the average number neighboring pairs
of codewords x̂ of x in S1 at minimum distance dmin,1
is a formidable combinatorics exercise. We may, however,
compute an approximation to N1 by using the following
observation. Clearly, a pair of codewords x̂ of x at unity
Euclidean distance δ ′ (x̂, x) is also a pair of codewords at
minimum distance dmin,1 . For a full set of q n codewords, a
neighbor at unity Euclidean distance from x is obtained by
adding or subtracting a ‘one’ from each of the n symbols in
x, unless the symbol equals 0 or (q − 1), then we can only
add a one (if x1 = 0) or subtract a one (if xi = q −1). Then
the average number of pairs of codewords at unity Euclidean
distance equals 2n(q − 1)/q. Since the code set S1 is
obtained by deleting a relatively small number of codewords
from the full set, we will approximate the average number
of neighbors, N1 , at minimum distance dmin,1 in S1 by
N1 ≈

2n(q − 1)
.
q

−2

10

n=4

−4

10

Figure 3 shows the WER, computed using the above upperbound (28), as a function of the signal-to-noise-ratio (SNR),
where the quantity SNR is defined by
SNR(dB) = −20 log10 σ.
Results are presented in Figure 3 for two binary cases,
n = 4 and n = 12. Computer simulations of the detection
process were conducted for assessing the accuracy of (28).
The dotted lines show the results obtained by computer
simulations, which compare fairly well with (28).
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function of the signal-to-noise ratio (SNR) for the binary case,
q = 2, and n = 4 and n = 12 computed using upperbound (28).
The dotted lines show results of computer simulations.

word, where we assume that x ∈ S2 is sent, and received
as r = x + ν. The receiver errs if there is at least one
codeword x̂ ̸= x, x̂ ∈ S2 , such that
δ2 (r, x̂) < δ2 (r, x).
After working out using (12), we obtain
−

n
∑

ri (

i=1

n
∑
x̂i − x̂
xi − x
)<−
).
ri (
σx̂
σx
i=1

We substitute ri = xi + νi , and obtain
n
∑
(xi + νi )(ai − âi ) < 0,

(29)

i=1

where
ai =

xi − x
σx

âi =

x̂i − x̂
.
σx̂

and

The left-hand side of inequality (29) is a stochastic variable
with distribution N (α2 , β2 σ 2 ), where
α2 =

n
∑

xi (ai − âi )

i=1

and
β2 =

n
∑

(ai − âi )2 .

i=1

B. Case T = 2, offset and gain mismatch
We will now examine the error performance of the
Pearson-distance-based detection scheme. The receiver uses
the Pearson distance (6) for the evaluation of the received
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Fig. 3. Word error rate (WER) of offset-resistant detection as a

(27)

For small values of n and q > 2 the computation of N1 is
amenable by exhaustively computing the distance between
each pair of codewords. We found that in the range of
(small) values of n and q investigated that the approximation
is of sufficient accuracy for engineering applications.
By combining (25), (26), and (27), we obtain an upperbound to the word error rate (WER)
( √
)
2n(q − 1)
1
1
WER <
Q
1−
.
(28)
q
2σ
n

n=12

−3

10

Since

n
∑
i=1

ai =

n
∑
i=1

âi = 0,

7

we have
α2

=
=
=

n
∑

xi (ai − âi )

i=1
n
∑

(xi − x)(ai − âi )

i=1
n
∑

(

(xi − x)

i=1

xi − x x̂i − x̂
−
σx
σx̂

= σx (1 − ρx,x̂ ).

)

(30)

In a similar fashion, we find
β2 = 2(1 − ρx,x̂ ).

(31)

Define the square of the distance, d22 (x, x̂), between the
codewords x and x̂ by
d22 (x, x̂) =

4α22
= 2σx2 (1 − ρx,x̂ ).
β2

(32)

The distance, d22 (x, x̂), is not symmetric in the vectors x
and x̂, that is, in general, d22 (x, x̂) ̸= d22 (x̂, x). The quantity,
d22 (x, x̂), is the product of the Pearson distance between the
vectors x and x̂, which is symmetric in x and x̂, and the
word variance of the sent word x. Clearly, sent words x
that have a small symbol value variance are more prone
to error than words with a large symbol value variance.
The word error rate (WER) over all coded sequences x is
upperbounded by
(
)
1 ∑ ∑
d2 (x, x̂)
WER <
Q
.
(33)
|S2 |
2σ
x∈S2 x̸̂=x
We define the minimum squared distance between any pair
of codewords in S2 , d2min,2 , by
d2min,2

min d2 (x, x̂)
x,x̂∈S2 2
x̸=x̂
=
min 2σ 2 (1 − ρx,x̂ ).
(34)
x,x̂∈S2 x
x̸=x̂
At high signal-to-noise ratios, the word error rate (WER) is
overbounded by [10]
α2
WER < N2 Q( √
)
β2 σ
dmin,2
= N2 Q(
),
(35)
2σ
where N2 is the (average) number of nearest neighbors.
We will now compute the minimum distance, d2min,2 , and
the number of nearest neighbors, N2 .
=

In order to find the minimum distance, dmin,2 , we must
compute the distance between any pair of codewords x, x̂ ∈
S2 , which implies an exhaustive domain search of size
around |S2 |2 . We may significantly reduce the number of
evaluations by the following observations.
It is not difficult to see that any permutation of the
symbols of a T -constrained n-length q-ary codeword yields

again a T -constrained codeword. A constant composition
code is a set of n-length q-ary codewords where the numbers
of occurrences of the symbols within a codeword is the same
for each codeword [11]. These specialize to constant weight
codes in the binary case, and permutation codes in the case
that each symbol occurs exactly once.
Define the composition vector w(x) = (w0 , . . . , wq−1 )
of x, where the q entries wj , j ∈ Q, of w indicate the
number of occurrences of the symbol j ∈ Q in x. Thus for
a sequence x, we denote the number of appearances of the
symbol j by
wj (x) = |{i : xi = j}| for j = 0, 1, . . . , q − 1.
(36)
∑
It is immediate that
wj = n and wj ∈ {0, . . . , n}. A
constant composition code will be denoted by Sw , where
w is the composition vector that characterizes the code.
Clearly, the codebook ST is the union of K constant
composition codes, denoted by Swi , 1 ≤ i ≤ K, whose
composition vector
wi = (w0 , . . . , wj , . . . , wq−1 )i , 1 ≤ i ≤ K,
has w0 > 0 for T = 1, and both w0 > 0 and wq−1 > 0
for T = 2. The number, K, of constant composition codes
equals
(
)
n+q−1−T
K=
.
(37)
q−1
For the binary case, q = 2, we simply find
K = n + 1 − T.
Each constant composition code is characterized by one
codeword of the code, called pivot word, denoted by xpi ,
1 ≤ i ≤ K. The pivot word xpi is, by definition, the largest
word in the lexicographical ordering (the largest symbols
first) of the codewords in Swi . Thus, for a pivot word we
have xpi ∈ Swi and xpi = (xpi ,1 , xpi ,2 , . . . , xpi ,n ), where
xpi ,1 ≥ xpi ,2 ≥ xpi ,3 . . . ≥ xpi ,n−1 ≥ xpi ,n , 1 ≤ i ≤ K.
By definition we have for T = 2, xpi ,1 = q − 1 and
xpi ,n = 0, 1 ≤ i ≤ K. The remaining codewords in
ST consist of all distinct sequences that can be formed by
permuting the order of the n symbols that form the K pivot
words xpi , 1 ≤ i ≤ K.
Let the codewords x ∈ Swi and x̂ ∈ Swj , i ̸= j, then
we have
n
∑
d22 (x, x̂) = 2σx2 (1 − ρx,x̂ ) = A − B
xi x̂i ,
i=1

where
A = 2σx2 (1 +
and
B=

nxx̂
)
σx σx̂

2σx
σx̂

are positive constants. Since the average symbol value and
symbol value variance of codewords from the same constant
composition code are all equal, the only degree of freedom
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3
2
σmi
n ,2 (dB)

we have for minimizing d22 (x, x̂) is permuting the
∑symbols
n
in x and x̂ in such a way that the inner product i=1 xi x̂i
is
∑nmaximized. It has been shown by Slepian [12] that
i=1 xi x̂i is maximized by pairing the largest symbol of
x with the largest symbol of x̂, the second largest symbol
of x with the second largest symbol of x̂, etc. Since, by
definition, the pivot words are sorted by descending order
of the symbol values, we conclude that the minimum intersubset distance is given by

q=4
2.8
q=3
2.6

2.4

2.2

min
d2 (x, x̂) = d2 (xpi , xpj ), i ̸= j.
x∈Swi ,x̂∈Swj
Define the minimum intra-subset distance by

1.8

min d2 (x, x̂),
x,x̂∈Swi
x̸=x̂

then it is immediate that
dmin,2 =

min d2 (xpi , xpj ).

1≤i,j≤K

(38)

A second reduction in the number of distance evaluations
can be made by observing that
d2 (x, x̂) = d2 (q − 1 − x, q − 1 − x̂).

(39)

The above observation implies that we may limit the distance evaluations to (sent) words x, whose number of ‘q−1’
symbols is less than the number of ‘0’ symbols. For other
values of q, q > 2, the pivot words start with a series of
‘q − 1’ symbols, followed by a series of ‘q − 2’ symbols
etc, and ended by a series of ‘0’ symbols. The series of
symbols may be of zero length, except, however, for the
symbol values ‘q − 1’ and ‘0’, where the series must have
a length of at least unity.
Figure 4 shows results of computations, where we plotted
−20 log(dmin,2 ) (dB) as a function of n with q = 2, 3, 4
as a parameter. After perusing the diagram, we notice that
the variation of dmin,2 as a function of n diminishes with
larger values of q. We further notice that with increasing n
the minimum distance dmin,2 converges to a limiting value.
In our computations, we found that (but we could not prove
it for all q and n) that the codewords x = (q − 1, q −
2, 0, . . . , 0) and x̂ = (q−1, q−1, 0, . . . , 0), and their inverses
(q −1, q −1, . . . , q −1, 1, 0) and (q −1, q −1, . . . , q −1, 0, 0)
are at minimum squared distance d2min,2 = min 2σx2 (1 −
ρx,x̂ ), x, x̂ ∈ S2 . For q = 2, the codewords (1, 0, 0, ...) and
its inverse (1, . . . , 1, 0) each have n − 1 nearest neighbors.
This also holds for the n permutations of (1, 0, 0, . . . )
plus its inverse (0, 1, 1, . . . ), so that, for q = 2, the total
number of pairs of codewords at minimum distance equals
2n(n − 1). For q > 2, the codeword (q − 1, q − 2, 0, . . . )
and its n(n − 1) permutations each have only one codeword
at minimum distance. The same holds for its inverse (0, 1,
q − 1, q − 1,...), so that for q > 2 there are 2n(n − 1) pairs
of codewords at minimum distance. We conclude with (35)
that
2n(n − 1) dmin,2
Q(
), σ << 1.
(40)
WER <
|S2 |
2σ

0
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15
n

20

25

30

Fig. 4. Minimum squared distance, −20 log(dmin,2 ) (dB), as a
function of the codeword length n with q = 2, 3, 4 as a parameter.
Although lines have been drawn, the curves consist of discrete
points.
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Fig. 5. Word error rate (WER) of offset&gain-resistant detection

as a function of the signal-to-noise ratio (SNR) for q = 2, n =
4and12. The diagram shows the error performance computed by
upperbound (33) and computer simulations (dotted lines).

Upperbound (40), where it is assumed that minimum
distance error events dominate the performance, is far from
accurate in the range WER > 10−8 . A better approximation
to the word error rate is given by upperbound (33), where
the full distance profile is used. Figure 5 shows the word
error rate computed using upperbound (33) for q = 2 and
n = 4, 12, as a function of the signal-to-noise-ratio. The
computer simulations (dotted lines) compare fairly well with
upperbound (33).
V. I MPLEMENTATION ISSUES
In the above we did not yet address the implementation
of the Minimum Pearson Distance detector, and we tacitly
assumed that the receiver computes the Pearson distance
for all codewords in the codebook before it may give its
verdict on the word sent. Below we will show that we
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TABLE I
P IVOT WORDS , AVERAGE SYMBOL VALUE , THE SYMBOL VALUE
VARIANCE AND THE DISTANCE OF CASE DESCRIBED IN E XAMPLE 1.

i
1
2
3

xpi
(1,0,0,0)
(1,1,0,0)
(1,1,1,0)

xpi
1/4
2/4
3/4

σx2p
i
3/4
1
3/4

δ2 (r, xpi )
5.93
6.23
6.74

may reduce the number of distance computations to the
number of constant composition subsets, K, that constitute
the full set ST . This means for q = 2 and T = 2,
for example, that instead of 2n − 2 for a full set, only
n − 1 computations of the Pearson distance are required.
As discussed earlier, Slepian [12] showed that a single permutation modulation code may be very efficiently decoded
by applying a sorting algorithm to the entries of the received
signal vector. Slepian’s method can be extended to our case
incorporating a plurality of K constant composition codes.
The receiver has tabulated the K pivot words, where the
symbols of the pivot words are, as described above, sorted
in descending order, i.e., the symbols with the largest values
first. Detection of the received vector, r, is accomplished by
invoking the following two-step procedure.
1) The n symbols of the received word, r, are sorted,
largest to smallest, in the same way as taught in
Slepian’s prior art.
2) Compute δ2 (r, xpi ) or δ1 (r, xpi ), 1 ≤ i ≤ K, using
(12) or (17), for all K pivot words. The receiver
decides that a word taken from Swk , 1 ≤ k ≤ K,
was sent in case the pivot word xpk is at minimum
distance to the received vector r. Now that we
have ascertained that the sent word is a member of
Swk , we can decode the received word by Slepian’s
procedure for single permutation codes.

Below we will describe a simple example for the gain-andoffset mismatch channel to illustrate the detection routine.
Example 1: Let n = 4 and q = 2, then there are 14
codewords in S2 and 3 subsets of constant composition.
Assume the received vector is r = (1.2, 2.3, 0.4, 0.8). First
we sort the symbols of r largest to smallest, and obtain
(2.3, 1.2, 0.8, 0.4), and compute δ2 (r, xpi ) for each pivot
word xpi . Table I lists xpi , i = 1, 2, 3, the average symbol
value of the pivot words, the symbol value variance of the
pivot words, and the distance δ2 (r, xpi ) computed using
(13). We conclude that the pivot word (1,0,0,0) has the
smallest distance, 5.93, to the received vector r, so that
the detector, following Slepian’s sorting algorithm assigns
the largest symbol in r to a ‘1’ and the three other symbols
to ‘0s’. Thus, the receiver decides that the word (0,1,0,0)
was sent.

VI. C ONCLUSIONS
We have studied coding and detection techniques for qlevel channels with gain and/or offset mismatch. We have
analyzed a new technique, where codeword detection is
based on the Pearson distance. The proposed detection
technique is used in conjunction with T -constrained codes
consisting of q-ary codewords, where in each codeword T
reference symbols appear at least once. We have shown that
the new detection technique is intrinsically resistant to offset
and/or gain mismatch. The redundancy of T -constrained
codes is much lower than that of prior art balanced codes
that offer offset and gain mismatch resistant detection,
which makes the new codes more attractive for practical
applications. We have analyzed the error performance of
the Pearson Distance detection technique in the presence of
additive noise. Results of computer simulations of the noisy
channel have been compared with analytical expressions of
the word error rates.
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